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We studied the construction problem of the unextendible product basis (UPB). We mainly give
a method to construct a UPB of a quantum system through the UPBs of its subsystem. Using this
method and the UPBs which are known for us, we construct different kinds of UPBs in general
bipartite quantum system. Then we use these UPBs to construct a family of UPBs in multipartite
quantum system. The UPBs can be used to construct the bound entangled states with different
ranks.
I. INTRODUCTION
The notion of unextendible product bases (UPBs)
plays an important role in quantum information theory.
Since it was been proposed in 1999 by Bennett et al [1],
it has been extensively investigated. Considerable ele-
gant results have been obtained with interesting appli-
cations to the theory of quantum information. Such as
the construction of bound entangled states[1–3] and in-
decomposible positive maps[4]. And UPB have also been
shown to give rise to Bell inequalities without a quantum
violation[5] and they can not be perfectly distinguished
by local quantum operations and classical communica-
tion, even though they contain no entanglement[6]. The
UPB is a set of incomplete orthonormal product states
whose complementary space has no product states. It
was also shown that the space complementary to a UPB
contains bound entanglement [7].
In the past years, there also have many results about
the construction of UPBs. The first UPB is a set with
five product states in C3
⊗
C3 which was constructed
by Bennett et al in 1999 [1]. Then in [8], the au-
thors used the orthogonal graph to construct a UPB in
Cm⊗Cn(m ≥ 3, n > 3,m ≤ n) with numbermn−2m+1.
It is interesting to characterize the minimal number of
product states in order to form a UPB. In [12], the
authors showed that in Cd1 ⊗ Cd2 . . . ⊗ Cdm the min-
imum size of UPB is
∑m
i=1(di − 1) + 1 for every se-
quence of integers d1, d2, . . . , dm ≥ 2 unless either (i)
m = 2 and 2 ∈ {d1, d2} or (ii)
∑m
i=1(di − 1) + 1 is odd
and at least one di is even. In 2015, the authors fur-
ther determined the unsolved minimum number in bi-
partite cases as well as a large family of multipartite
cases[13]. Moreover, Johnston focused on the structure
of qubit UPB and obtained a class of UPB with dif-
ferent number of states[10]. However, there are only
a few cases whose structure of UPBs were completely
characterized: C2
⊗
Cn, C3
⊗
C3, C2
⊗
C2
⊗
C2, and
C
2
⊗
C
2
⊗
C
2
⊗
C
2 [1, 8–10]. More recently, the au-
thors focused on the characterization of the UPB in
C3
⊗
C4 [11].
From [8, 10], the author derived some methods to
obtain a UPB of higher dimensional system via some
small systems. For example, it was showed that the ten-
sor product of UPBs is again a UPB of higher dimen-
sional system. That is, given two bipartite UPBs S1 =
{|ψ1i 〉, i = 1, 2, . . . , l1} in C
n1 ⊗ Cm1 and S2 = {|ψ
2
i 〉, i =
1, 2, . . . , l2} in C
n2⊗Cm2 , the states {|ψ1i 〉⊗|ψ
2
j 〉}
l1,l2
i,j=1 are
again product states which is proved to form a bipartite
UPB on Cn1n2 ⊗ Cm1m2 . Hence in order to characterize
the UPBs, it is worth to give more methods to obtain
some new UPBs.
In this paper, we mainly pay attention to the con-
structions of UPBs in bipartite system. Embedding the
bipartite systems Cm
⊗
Cn1 and Cm
⊗
Cn2 as two or-
thogonal subsystems of Cm
⊗
Cn1+n2 , we proved that
the union of UPBs of the two subsystems is again a
UPB of the whole system. Then we used this method
to construct lots of UPBs in general bipartite quantum
system Cm
⊗
Cn from some haven knew results. More
precisely, we used this method to construct a large num-
ber of UPBs in Cn
⊗
Cn whose missing states number
of states are varying from 4 to n
2
2 . (Here we specific
explain the words ”missing states number”: If the set
S = {|ψi〉 | i = 1, 2, . . . , k, k < mn} is a UPB in
Cm
⊗
Cn, then mn − k is the missing states number of
S, it characterize how far is the UPBs in order to form
a base of the whole system.) Moreover, for the general
bipartite quantum system Cm
⊗
Cn(m ≥ 4, n ≥ 10), we
obtained the UPBs with missing number varying from 4
to (m − 1)(n − 8). At last, we also pay our attention to
the multipartite quantum systems and give a method to
derive a UPB from UPB in less partite system. Then we
use the UPBs in bipartite quantum system to construct
a family UPBs in multipartite quantum systems.
II. PRELIMINARY
Definition[1, 8]. A set of states {|φi〉 ∈ C
m
⊗
Cn : i =
1, 2, · · · , k, k < mn} is called a k-member UPB if and
only if
(i) |φi〉, i = 1, 2, · · · , k, are product states;
(ii) 〈φi|φj〉 = δij ;
2(iii) if 〈φi|ψ〉 = 0 for all i = 1, 2, · · · , k, then |ψ〉 cannot
be product state.
Now we present the results of the minimal number of
UPBs in bipartite quantum system[12, 13].
Lemma 1. Let f(d1, d2) be the smallest possible number
of states in a UPB in Cd1 ⊗ Cd2(d1, d2 ≥ 3). Then:
(1) If either d1 or d2 is odd, then f(d1, d2) = d1+d2− 1.
(2) If both of d1 and d2 are even, then f(d1, d2) = d1+d2.
In addition, there is a family of UPBs for general bi-
partite quantum system [8].
Lemma 2. In Cm ⊗ Cn with n > 3,m ≥ 3 and n ≥ m,
there is a UPB of size mn− 2m+ 1.
III. UPBS IN BIPARTITE QUANTUM SYSTEM
In this section, we mainly pay attention to the con-
struction of UPB in bipartite quantum system. Firstly,
we give a general method to construct a UPB from some
old ones as follow. Suppose {|i〉}m−1i=0 and {|j〉}
n−1
j=0 are or-
thogonal basis of quantum system A and B respectively.
A pure state of the bipartite system is |ψ〉 =
∑
mi,j |ij〉,
then we call the m× n matrix M|ψ〉 whose (i, j) entry is
m(i−1),(j−1) the corresponding matrix of |ψ〉. It is easy
to show that |ψ〉 is a product state if and only if the rank
of M|ψ〉 is 1.
Theorem 1. Suppose in Cm⊗Cni , there is a UPB with
ki missing states number for i = 1, 2, then there is a
UPB in Cm⊗Cn1+n2 with k1+k2 missing states number.
If we replace one of the UPB by a complete orthogonal
product base and corresponding ki by 0. The conclusion
still holds.
Proof: We only prove the first statement, the second
can be proved similarly. Suppose that {|i〉A | i =
0, 1, . . . ,m− 1} and {|j〉B | j = 0, 1, . . . , n1 + n2− 1} are
standard normal basis of system A and B respectively.
Set
L = spanC{|ij〉 | 0 ≤ i ≤ m− 1; 0 ≤ j ≤ n1 − 1},
R = spanC{|ij〉 | 0 ≤ i ≤ m− 1;n1 ≤ j ≤ n1 + n2 − 1}.
Then L and R can be looked as the bipartite systems
Cm ⊗ Cn1 and Cm ⊗ Cn2 . Hence, we can suppose SL =
{|vi〉 ∈ L | i = 1, 2, . . . ,mn1 − k1} and SR = {|wj〉 ∈ R |
j = 1, 2, . . . ,mn2 − k2} are the UPB in C
m ⊗ Cn1 and
C
m⊗Cn2 respectively. We claim that SL ∪SR is a UPB
in Cm ⊗ Cn1+n2 .
Clearly, the states in SL∪SR are orthogonal with each
other. Suppose HSL = spanC(SL), HSR = spanC(SR)
and HSL ⊕ H
⊥
SL
= L,HSR ⊕ H
⊥
SR
= R. That is, H⊥SL
(resp.H⊥SR)is the set of states in L(resp.R) that is or-
thogonal all the states in HSL( resp.HSR). Then we have
the following orthogonal decomposition:
V = L⊕R = HSL ⊕H
⊥
SL
⊕HSR ⊕H
⊥
SR
.
Since SL ∪ SR are orthogonal with each other, then we
have HSL∪SR = spanC(SL ∪ SR) = HSL ⊕HSR . By the
above orthogonal decomposition , H⊥SL∪SR ⊇ H
⊥
SL
⊕H⊥SR .
Since the states SL and SR are linearly independent, we
can obtain that
dimC(H
⊥
SL∪SR) = dimC(H
⊥
SL
) + dimC(H
⊥
SR
).
With this equality and the above inclusion relation, we
obtainH⊥SL∪SR = H
⊥
SL
⊕H⊥SR . Then we only need to show
that there are no product states in H⊥SL∪SR . Now for
any nonzero vector |α〉 ∈ H⊥SL∪SR , |α〉 = a|v〉 + b|w〉 for
|v〉 ∈ H⊥SL , |w〉 ∈ H
⊥
SR
. If we consider the corresponding
matrix to |α〉. Suppose M1 is the corresponding matrix
of a|v〉, M2 is the corresponding matrix of b|w〉, then
M = (M1|M2) is the matrix corresponding to |α〉. Since
one of a|v〉 or b|w〉 is nonzero, which is equivalent to
rank(M1) ≥ 2 or rank(M2) ≥ 2. Since both two cases
deduce that rank(M) ≥ 2, so |α〉 is not a product state.
Hence SL ∪ SR is a UPB in C
m ⊗ Cn1+n2 .
Example 1. Let L = spanC{|ij〉 | i = 0, 1, 2; j = 0, 1, 2},
R = spanC{|ij〉 | i = 0, 1, 2; j = 3, 4, 5}, then
L ∼= C3 ⊗ C3, R ∼= C3 ⊗ C3.
Let SL = {|0〉|0−1〉, |0−1〉|2〉, |1−2〉|0〉, |2〉|1−2〉, |0+1+
2〉|0+ 1+2〉}, SR = {|0〉|3− 4〉, |0− 1〉|5〉, |2〉|4− 5〉, |1−
2〉|3〉, |0+ 1+ 2〉|3+ 4+ 5〉}. Then SL is a UPB in L, SR
is a UPB in R. By the theorem 1. we have SL ∪ SR is a
UPB in C6 ⊗ C6. The specific states present in FIG.1.
 0\  1\  2\  3\  4\  5\
 0\
 1\
 2\
FIG. 1: The construction of UPB in C6
⊗
C6 by two
subsystems C3
⊗
C3. The left part representation the
system L, the right part representation the system R.
The state |0+ 1+ 2〉|0+ 1+ 2〉 and |0+ 1+ 2〉|3+ 4+ 5〉
are not shown on this figure.
Theorem 2. If there is a UPB in Cmi ⊗ Cn with ki
missing states number for i = 1, 2, then there is a UPB
in Cm1+m2 ⊗ Cn with k1 + k2 missing states number.
Proof: The proof is similar with the argument of theorem
1.
3Corollary 1. If there is a UPB in Cmi ⊗ Cnj with kij
missing states number(i, j = 1, 2), then there is a UPB
in Cm1+m2 ⊗ Cn1+n2 with k11 + k12 + k21 + k22 missing
states number.
Now we apply the above method to derive families of
UPBs in bipartite quantum system.
Theorem 3. In Cn ⊗ Cm(7 ≤ n ≤ m ≤ n + 1), there
are UPBs with missing states number varying from 4 to
⌊mn2 ⌋+ 1.
Proof: We prove by induction on n such that in Cn⊗Cm
(n ≤ m ≤ n + 1) there are UPBs with missing states
number varying from 4 to ⌊mn2 ⌋+ 1.
We have checked the statement for n = 7, 8, . . . , 13(see
the table in APPENDIX). By induction the statement
holds for 7 ≤ k ≤ n − 1, we need to prove that it also
holds for n. We can suppose n ≥ 14.
Now we consider the case Cn⊗Cm with n ≤ m ≤ n+1.
There is a unique expression as the sum of two integers
n = n1 + n2 such that n1 ≤ n2 ≤ n1 + 1. Similarly,
we write m = m1 +m2 with similar condition. It is not
difficult to check that |ni −mj | ≤ 1 and ni ≥ 7,mj ≥ 7
for all i, j ∈ {1, 2}. Then Cn ⊗ Cm can be looked as
Cn1 ⊗ Cm1 Cn1 ⊗ Cm2
Cn2 ⊗ Cm1 Cn2 ⊗ Cm2
Then by induction, there are UPBs in Cni ⊗Cmj with
missing state number varying from 4 to ⌊
nimj
2 ⌋+1. Then
by corollary 1, we can obtain some UPBs in Cn⊗Cm with
missing state number varying from 16 to
∑2
i,j=1(⌊
nimj
2 ⌋+
1). Clearly, there are also UPBs in Cn⊗Cm with missing
states number varying from 4 to 16 which can be seem as
induced from C7 ⊗ C7. Moreover, we have the following
inequalities
2∑
i,j=1
(⌊
nimj
2
⌋+ 1) ≥
2∑
i,j=1
((
nimj
2
−
1
2
) + 1)
= (
2∑
i,j=1
nimj
2
) + 2
≥ ⌊nm2 ⌋+ 1.
The first inequality holds for ⌊N2 ⌋ is equal to
N
2 when N
is even and equal to N−12 when N is odd.
The following figure show another proof of theorem 3,
we can use the UPBs in the first triangle to obtain the
UPBs in the second triangle. Then use the second one
to obtain the third one and so on.
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FIG. 2: Another idea of the proof of theorem 3.
Theorem 4. In Cn ⊗ C7(7 ≤ n), there are UPBs with missing states number 4, 5, ..., 6n− 14, 6n− 12, 6n− 6.
4Proof: Now we prove the above statement by induction.
The cases n=7,8,9,10 have been calculated in the table
of APPENDIX. Suppose for any n with 7 ≤ n ≤ k, the
statement in the theorem is correct. We should use this
to prove that it is also correct for the case n = k + 1.
Moreover, we can assume that k ≥ 10. Then Ck+1 ⊗ C7
can be seem as
(C3 ⊗ C7)⊕ (Ck−2 ⊗ C7) or (C4 ⊗ C7)⊕ (Ck−3 ⊗ C7).
By induction, there are UPBs in Ck−2 ⊗ C7 (resp.
Ck−3⊗C7) with missing state number 4, 5, ..., 6k−26, 6k−
24, 6k − 18(resp.4, 5, ..., 6k− 32, 6k − 30, 6k − 24). After
considering the UPBs in C3 ⊗ C7 and C4 ⊗ C7 and by
using theorem 1, we can obtain UPBs in Ck+1⊗C7 with
missing number 4, 5, ..., 6k − 8, 6k − 6. At last, the UPB
with missing state number equal to 6k are derived from
the minimal number UPB as showed in lemma 1 .
Theorem 5. In C2m+1 ⊗ Cn(m ≥ 2, n ≥ 10), there
are UPBs with missing states number varying from 4 to
2m(n− 8).
Proof: C2m+1 ⊗ Cn can be seem as (C2m+1 ⊗ Cn−7) ⊕
(C2m+1 ⊗ C7). We notice that, by lemma 1, there is a
UPB in C2m+1 ⊗Ck (3 ≤ k ≤ n− 7) with number 2m+
1+ k− 1, hence with missing states number (2m+1)k−
(2m+1)−k+1 = 2mk−2m = 2m(k−1). Hence all these
can extends to be UPBs in C2m+1 ⊗ Cn−7 with missing
states number 2m(k − 1) (3 ≤ k ≤ n− 7). Moreover, by
theorem 4, in C2m+1 ⊗ C7 hence in C2m+1 ⊗ Cn , there
are UPBs with missing states number varying from 4 to
12m− 8, where 12m− 8 > 4m+ 4 when m ≥ 2.
For any 4m + 4 < l < 2m(n − 8), l can be expressed
as l = q(2m) + r with 0 ≤ r < 2m, 2 ≤ q < n − 8. In
the following, according to the condition of r, we express
l as a sum whose first term are reachable missing states
number in C2m+1⊗Cn−7 and second term are reachable
missing states number in C2m+1 ⊗C7. Then by theorem
1, we obtain a UPB in C2m+1 ⊗ Cn with l missing state
number.
(i) If r = 0, then l = q(2m) + 0.
(ii)If 0 < r < 4, then l = (q − 1)(2m) + (2m+ r).
(iii)If 4 ≤ r < 2m, then l = q(2m) + r.
Theorem 6. In C2m ⊗ Cn(m ≥ 2, n ≥ 10), there are
UPBs with missing number varying from 4 to (2m −
1)(n− 8).
Proof: The proof is just similar with theorem 3. In C2m⊗
C
k there are UPB with 2m+ k states, hence with 2mk−
2m− k = 2m(k − 1)− (k − 1)− 1 = (2m− 1)(k − 1)− 1
missing states. Hence all these can extend to UPB in
C2m ⊗ Cn−7 with (2m − 1)(k − 1) − 1 (3 ≤ k ≤ n − 7)
missing states number. Moreover, by theorem 4, there
are UPBs in C2m⊗C7 with missing states number varying
from 4 to 12m−14, where 12m−14 ≥ 4m+1 whenm ≥ 2.
For any 4m + 1 < l < (2m − 1)(n − 8) − 1, l can be
expressed as l+1 = q(2m−1)+r with 0 ≤ r < 2m−1 and
2 ≤ q < n−8. In the following, according to the condition
of r, we express l as a sum whose first term are reachable
missing states number in C2m⊗Cn−7 and second term are
reachable missing states number in C2m ⊗ C7. Then by
theorem 1, we obtain a UPB in C2m⊗Cn with l missing
states number.
(i)If r = 0, then l = (q(2m− 1)− 1) + 0.
(ii) If 0 < r < 4, l = ((q−1)(2m−1)−1)+(2m−1+r).
(iii)If 4 ≤ r < 2m− 1, then l = (q(2m− 1)− 1) + r.
Corollary 2. In Cm ⊗ Cn (m ≥ 4, n ≥ 10), there are
UPBs with missing states number varying from 4 to (m−
1)(n− 8).
Proof:Combining the conclusion of theorem 5 and theo-
rem 6, we get the conclusion.
IV. UPBS IN MULTIPARTITE QUANTUM
SYSTEMS
In this section, we first give a method which is orig-
inated from ref.[10] to construct a UPB of N -partite
quantum systems by some UPBs in the (N − 1)-partite
quantum systems. Then combining this method with
the UPBs we have obtained in bipartite quantum system
above, we give a family of UPB in multipartite quantum
system.
Lemma 3. Suppose there are K(K ≥ 2) sets {P(i)} of
UPBs in Cd1 ⊗ Cd2 ⊗ ... ⊗ CdN and we denote them as
P(i) = {|ψ
(i)
j 〉, j = 1, 2, ..., n
(i)}. Then the set P =
{|ψ
(i)
j 〉|i − 1〉, i = 1, 2, ...,K, j = 1, 2, ..., n
(i)} is a UPB
in Cd1 ⊗ Cd2 ⊗ ...⊗ CdN ⊗ CK .
Proof: Clearly, the states in P are all product states of
Cd1⊗Cd2⊗...⊗CdN⊗CK . Moreover, they are orthogonal.
So we only need to prove that there are no more product
states in P⊥. Suppose |φ1〉|φ2〉...|φN 〉|φN+1〉 is a nozero
product state in P⊥. Since |φN+1〉 is nonzero, there is
an i0 with 1 ≤ i0 ≤ K such that 〈i0 − 1|φN+1〉 6= 0.
Then the orthogonality between |φ1〉|φ2〉...|φN 〉|φN+1〉
and |ψ
(i0)
j 〉|i − 1〉, j = 1, 2, ..., n
(i0) give
(〈ψ
(i0)
j |)(|φ1〉|φ2〉...|φN 〉)〈i0 − 1|φN+1〉 = 0.
These imply that |φ1〉|φ2〉...|φN 〉 is an product state in
Cd1⊗Cd2⊗ ...⊗CdN that is orthogonal to all the states in
P(i0). However, this is contradicted with our assumption
that P(i0) is a UPB. In conclusion, P is a UPB.
After replacing some sets {P(i)} by the full product
basis with at least a set is still a UPB, then {P} is also
a UPB.
Theorem 7. If in Cd1⊗Cd2⊗ ...⊗CdN (d ≥ 2) there are
UPBs with missing states number from 4 to L with L ≥ 8,
then there are UPBs in Cd1 ⊗ Cd2 ⊗ Cd3 ⊗ . . . ⊗ CdN+1
with missing states number varying from 4 to dN+1L.
5Proof: Given any integer m with 4 ≤ m ≤ dN+1L,
there is unique expression m = qL + r, 0 ≤ r < L. By
lemma 3, in order to construct a UPB in Cd1 ⊗ Cd2 ⊗
Cd3 ⊗ . . . ⊗ CdN+1 with missing states number m, we
only need to construct dN+1 sets of UPBs with missing
states number {mi}
dN+1
i=1 in C
d1 ⊗Cd2 ⊗Cd3 ⊗ . . .⊗CdN
such that m =
∑dN+1
i=1 mi. In the following, we sepa-
rate our the construction of the dN+1 sets of UPBs in
Cd1 ⊗ Cd2 ⊗ Cd3 ⊗ . . . ⊗ CdN into three cases according
to the number r.
(i) 4 ≤ r < L. In this case, 0 ≤ q < dN+1. Let
{P(i)}qi=1 be q sets of UPBs whose missing states number
are all L. Moreover, let P(q+1) be a UPB with missing
states number r and for any integer q+1 < i < dN+1 we
let P(i) be a set of full orthogonal product basis.
(ii) 0 < r < 4. In this case, 1 ≤ q < dN+1. Then
m = (q − 1)L + (L − (4 − r)) + 4. Let {P(i)}q−1i=1 be
q − 1 sets of UPBs whose missing states number are all
L. Moreover, let P(q) be a UPB with missing states
number L − (4 − r) whose existence is guaranteed by
the assumption and the condition 4 ≤ L − (4 − r) ≤ L
and P(q+1) be a UPB with missing states number 4. And
for any integer q + 1 < i < dN+1 we let P
(i) be a set of
full orthogonal product basis.
(iii)r = 0. That is, m = qL. This is the easiest case for
it can derive from q sets of UPBs with L missing states
number and dN+1−q sets of full orthogonal product basis
in Cd1 ⊗ Cd2 ⊗ ...⊗ CdN .
Now we use the above theorem 7 and lemma 3 to give
lots of UPBs in multipartite quantum systems.
Corollary 3. Suppose that d1 ≥ d2 ≥ d3 ≥ ... ≥ dN and
d1 ≥ 10, d2 ≥ 4, N ≥ 3 . Then in C
d1 ⊗ Cd2 ⊗ ...⊗ CdN ,
there are UPBs with missing states number varying from
4 to (d1 − 8)(d2 − 1)
∏N
i=3 di.
V. CONCLUSION AND DISCUSSION
We give a method to obtain new UPBs from the old
ones. In order to show the power of the method, we
use it to construct UPBs with different kinds of number.
Firstly, we show that in Cn
⊗
Cn there are UPBs with
missing states number varying from 4 to n
2
2 . Then we
study the more general quantum system Cm ⊗ Cn(m ≥
4, n ≥ 10). And we obtain that there are UPBs with
missing states number varying from 4 to (m− 1)(n− 8).
Moreover, use this results we can also obtain some results
of the multipartite quantum systems.
We notice that there is some gap between the minimal
number f(m,n) of UPB and the numbermn−(m−1)(n−
8). Hence it is very interesting to investigate whether
there are some other UPBs whose numbers can full fill
this gap. Moreover, it is well know that the UPBs can be
used to construct bounded entangled states[1]. Hence us-
ing our results, one can obtain some bounded entangled
states with different ranks. Hence it is valuable to derive
some other methods that can full fill this gap which en-
able us to construct bounded entangled states with ranks
varying from 4 to mn− f(m,n).
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6VI. APPENDIX
Table 1: By using the UPBs in lemma 1, lemma 2 and those in C3 ⊗ C4 in ref.[11], we calculate
the missing state number of UPBs in Cm ⊗ Cn for small m,n by our method.
3 4 5 6 7 8 9 10 11 12 13 14
3 4
4 4-6 4-8
5 4-6, 8 4-8, 12
4-9, 12,
16
6 4-6, 8, 10 4-12, 14
4-14, 16,
20
4-16, 18,
20, 24
7
4-6, 8-10,
12
4-14, 18
4-18, 20,
24
4-22, 24,
30
4-28, 30,
36
8
4-6, 8-12,
14
4-18, 20
4-22, 24,
28
4-26, 28,
30, 34
4-34, 36,
42
4-40, 42,
48
9
4-6, 8-14,
16
4-20, 24
4-26, 28,
32
4-32, 34,
40
4-40, 42,
48
4-46, 48,
56
4-54, 56,
64
10
4-6, 8-16,
18
4-24, 26
4-30, 32,
36
4-36, 38,
40, 44
4-46, 48,
54
4-54, 56,
62
4-62, 64,
72
4-70, 72,
80
11
4-6, 8-18,
20
4-26, 30
4-34, 36,
40
4-42, 44,
50
4-52, 54,
60
4-60, 62,
70
4-70, 72,
80
4-78, 80,
90
4-88,
90, 100
12
4-6, 8-20,
22
4-30, 32
4-38, 40,
44
4-46, 48,
50, 54
4-58, 60,
66
4-68, 70,
76
4-78, 80,
88
4-88, 90,
98
4-98,
100, 110
4-108,
110, 120
13
4-6, 8-22,
24
4-32, 36
4-42, 44,
48
4-52, 54,
60
4-64, 66,
72
4-74, 76,
84
4-86, 88,
96
4-96, 98,
108
4-108,
110, 120
4-118,
120, 132
4-130,
132, 144
14
4-6, 8-24,
26
4-36, 38
4-46, 48,
52
4-56, 58,
60, 64
4-70, 72,
78
4-82, 84,
90
4-94, 96,
104
4-106,
108, 116
4-118,
120, 130
4-130,
132, 142
4-142,
144, 156
4-154,
156, 168
